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3D Formation 

• positions cannot be represented
by complex numbers

• complex Laplacian cannot be used
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3D formation problem
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xi(t) =





1
−1
−1





ẋi(t)
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hexahedron



3D formation problem
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3D affine formation:

rotation
matrix

scalings

displacement

ξ = [ξ!1 · · · ξ!5 ]! ξ′ = [(ξ′1)
"

· · · (ξ′5)
"]"
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3D affine formation:












x1(t)
x2(t)
x3(t)
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x5(t)













→













Aξ1 + a
Aξ2 + a
Aξ3 + a
Aξ4 + a
Aξ5 + a
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3D affine formation:
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A
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= I5 ⊗A
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a

a

a
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= 15 ⊗ a

Kronecker

product
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3D affine formation:












x1(t)
x2(t)
x3(t)
x4(t)
x5(t)













→ (I5 ⊗A)













ξ1
ξ2
ξ3
ξ4
ξ5













+ (15 ⊗ a)

x(t) → (In ⊗A)ξ + 1n ⊗ a

for n agents:



3D formation problem
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3D affine formation: design input ui

singular
value

decomposition

ξ = [ξ!1 · · · ξ!5 ]! ξ′ = [(ξ′1)
"

· · · (ξ′5)
"]"



3D formation problem
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singular value decomposition e.g.

A =





1 1 2

2 3 3

4 4 5





=





−0.2601 0.5945 −0.7608

−0.5074 −0.7546 −0.4162

−0.8215 0.2778 0.4979









9.1822 0 0

0 0.6699 0

0 0 0.4877









−0.4967 −0.552 −0.6698

0.2933 −0.8331 0.469

0.8169 −0.0366 −0.5757





(matlab: [U,Σ, V !] = svd(A))



Linear constraint

ξ1 − ξ5 =





1

0

1



, ξ2 − ξ5 =





−1

1

1





ξ3 − ξ5 =





−1

−1

1



, ξ4 − ξ5 =





0

0

2
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Linear constraint

a51





1

0

1



+ a52





−1

1

1



+ a53





−1

−1

1



+ a54





0

0
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Linear constraint
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e.g. a51 = −1

a52





−1

1

1



+ a53





−1

−1

1



+ a54





0

0

2



 =





1

0

1





a51





1

0

1



+ a52





−1

1

1



+ a53





−1

−1

1



+ a54





0

0

2



 = 0



Linear constraint
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−1 −1 0

1 −1 0

1 1 2









a52

a53

a54



 =





1

0

1





a52 = −0.5

a53 = −0.5

a54 = 1

a51





1

0

1



+ a52





−1

1

1



+ a53





−1

−1

1



+ a54





0

0

2



 = 0

e.g. a51 = −1
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Linear constraint
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(L⊗ I3)ξ = 0
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Signed Laplacian
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⇒ rank(L) ≤ 1

rank(L) = 1

L =













0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0.5 0.5 −1 −1















Distributed algorithm
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signed LaplacianL =













0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0.5 0.5 −1 −1
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have negative real parts

L =













0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0.5 0.5 −1 −1













0, 0, 0, 0, 1



Distributed algorithm
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Example
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L
′
= −1

e.g. ε5 = −1

L =













0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0.5 0.5 −1 −1
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E =













0.1 0 0 0 0

0 0.1 0 0 0

0 0 0.1 0 0

0 0 0 0.1 0

0 0 0 0 −1
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Fact
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global computation (need L)

[Friedland, 1975]



Recap, generalization
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lim
t→∞

x(t) = (In ⊗A)ξ + 1n ⊗ a



Recap, generalization

20



Recap, generalization
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Distributed algorithm



Recap, generalization
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rank(L) ≤ n− 4 and ker(L⊗ I3) ⊇ A(ξ) (?)

Distributed algorithm

signed Laplacian



Recap, generalization
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if ξ is generic and G contains

a spanning 4-tree

and there exists E s.t. n− 4 nonzero

then rank(L) = n− 4 and ker(L⊗ I3) = A(ξ)

eigenvalues of −EL are stable



Theorem
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then there exists E s.t. ẋ = −(EL⊗ I3)x

solves 3D formation problem

if ξ is generic and G contains

a spanning 4-tree
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L =













0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0.5 0.5 −1 −1
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E =













0.1 0 0 0 0

0 0.1 0 0 0

0 0 0.1 0 0

0 0 0 0.1 0

0 0 0 0 −1













note: ker(−EL⊗ I3) = ker(L⊗ I3) = A(ξ)

L =













0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0.5 0.5 −1 −1
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A(ξ)

this means x(t) converges to

affine formation of target ξ



Theorem
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then there exists E s.t. ẋ = −(EL⊗ I3)x

solves 3D formation problem

if ξ is generic and G contains

a spanning 4-tree
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Theorem

34[Friedland, 1975]
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