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a b s t r a c t

We study a multi-agent output regulation problem, where only a few agents have access to the
exosystem’s dynamics. We propose a fully distributed controller that solves the problem for linear,
heterogeneous, non-minimum-phase, and uncertain agent dynamics as well as time-varying directed
networks. The distributed controller consists of two parts: (1) an exosystem generator that locally
estimates the exosystem dynamics, and (2) a dynamic compensator that, by locally approaching the
internal model of the exosystem, achieves perfect output regulation. Compared to the existing results
in the literature, our solution is the first to solve the distributed output regulation problem where
not all agents have access to information of the exosystem and the agent dynamics are uncertain and
non-minimum-phase.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

In cooperative control of multi-agent systems, the distributed
output regulation problem with general linear and heterogeneous
agent dynamics has received much recent attention (e.g. Cai,
Lewis, Hu, & Huang, 2017; Liu & Huang, 2015; Su, Hong, & Huang,
2013; Su & Huang, 2012; Wang, Hong, Huang, & Jiang, 2010; Yan
& Huang, 2017). In this problem, a network of agents each tries
to match its output with a reference signal, under the constraint
that only a few agents can directly measure the reference. The ref-
erence signal itself is generated by an external dynamic system,
called ‘‘exosystem’’. The distributed output regulation problem
not only subsumes earlier problems such as (leader-following)
consensus and synchronization, but also addresses issues of dis-
turbance rejection and robustness to parameter uncertainty. Also
see e.g. Liu and Huang (2017, 2018) and Su and Huang (2013) for
further extensions that deal with nonlinear agent dynamics.
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Output regulation has a well-studied centralized version: A
single plant tries to match its output with a reference signal
(while maintaining the plant’s internal stability) (Francis, 1977;
Francis & Wonham, 1976). In the absence of system parameter
uncertainty, the solution of the ‘‘regulator equations’’ provides
a solution to output regulation (Francis, 1977). When system
parameters are subject to uncertainty, however, a dynamic com-
pensator must be used embedding q-copy of the exosystem,
where q is the number of (independent) output variables to be
regulated. The latter is well-known as the internal model prin-
ciple (Francis & Wonham, 1976). These methods for solving the
centralized output regulation problem, however, cannot be ap-
plied directly to the distributed version, inasmuch as not all
agents have direct access to the reference signal or the exosystem
dynamics.

The distributed output regulation of networks of heteroge-
neous linear agents is studied in Su and Huang (2012). The
proposed distributed controller consists of two parts: an ex-
osystem generator and a controller based on regulator equation
solutions. Specifically, the exosystem generator of each agent
aims to (asymptotically) synchronize with the exosystem using
consensus protocols, thereby creating a local estimate of the ex-
osystem. Meanwhile each agent independently tracks the signal
of its local generator, by applying standard centralized methods
(in Su & Huang, 2012 regulator equation solutions). This approach
effectively separates the controller synthesis into two parts —
distributed exosystem generators by network consensus and local
output regulation by regulator equation solution.

One important limitation, however, of the above approach
is: in both the exosystem generator design and the regulator
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equation solution, it is assumed that each agent uses exactly the
same dynamic model as that of the exosystem. This assumption
may be unreasonable in the distributed network setting,
because those agents that cannot directly measure the reference
are unlikely to know the dynamic model of the exosystem. To
deal with this challenge, Cai et al. (2017) propose (for static
networks) an ‘‘adpative’’ exosystem generator and an adaptive
solution to the regulator equations. In essence, each agent runs an
additional consensus algorithm to update their ‘‘local estimates’’
of the exosystem dynamics.

All the regulator-equation based solutions above fall short in
addressing the issue of system parameter uncertainty. In practice
one may not have precise knowledge of some entries of the
system matrices, or the values of some parameters may drift
over time. The distributed output regulation problem considering
parameter uncertainty is studied in Su et al. (2013) and Wang
et al. (2010). The proposed controller is based on the internal
model principle, but does not employ the two-part structure
mentioned above. It appears to be for this reason that restric-
tive conditions (acyclic graph or homogeneous nominal agent
dynamics) have to be imposed in order to ensure solving output
regulation. Moreover, it is also assumed in Su et al. (2013) and
Wang et al. (2010) that each agent knows the exact model of the
exosystem dynamics.

In this paper, we provide a new solution to the distributed out-
put regulation problem of heterogeneous linear agents, where not
all agents have direct access to the dynamic model of the exosys-
tem and the agent dynamics are subject to parameter uncertainty.
In this setting, to our best knowledge, no solution exists in the
literature. In particular, we propose to use the two-part structure
of the distributed controller in the following manner: The first
part is an exosystem generator that works over time-varying
networks (Liu & Huang, 2017), and the second part is a dynamic
compensator embedding an internal model of the exosystem that
addresses parameter uncertainty. The challenge here is, in the
design of the dynamic compensator, those agents that cannot
directly measure the exosystem have no knowledge of the in-
ternal model of the exosystem; on the other hand, we know
from Francis and Wonham (1976) that a precise internal model
is necessary to achieve perfect regulation with uncertain param-
eters. To deal with this challenge, we propose a consensus-based
local internal model for each agent to estimate the internal model
of the exosystem. For this time-varying local internal model, we
moreover design novel strategies for its eigenvalues to avoid
certain transmission zeros of the agents’ dynamics (generally
non-minimum-phase) in order to guarantee the existence of a
dynamic compensator for all time.

The contributions of this paper are twofold. First, the pro-
posed internal-model based distributed controller is the first so-
lution to the multi-agent output regulation problem where not
all agents have direct access to the internal model (q-copy) of
the exosystem and the agent dynamics are uncertain and non-
minimum-phase. Concretely, the proposed distributed controller
provably solves the multi-agent output regulation problem in
which the following constraints/conditions simultaneously hold:
(a) Only a (proper) subset of agents have access to the dynamic
model of the exosystem. This is not considered in Su et al. (2013)
and Wang et al. (2010). (b) Parameter uncertainty of agent dy-
namics. This is not addressed in Cai et al. (2017) and Su and
Huang (2012). (c) Non-minimum phase agent dynamics. This is
not dealt with in Liu and Huang (2015). (d) Time-varying directed
networks. This is not addressed in Cai et al. (2017), Su and Huang
(2013) and Yan and Huang (2017). (e) Heterogeneous agent dy-
namics. This is not dealt with in Yan and Huang (2017). As a
second contribution, the core of our solution is the time-varying
local internal model (q-copy), updated in the network setting,

which is in itself new in the literature of the internal model
principle (cf. Francis, 1977; Francis & Wonham, 1976; Huang,
2004) and generalizes the (static, centralized) internal model to
the dynamic, distributed one.

2. Preliminaries

In this paper, we will use the following notation. Let 1n :=

[1 · · · 1]⊤ ∈ Rn, and In be the n×n identity matrix. For a complex
number c ∈ C, denote its complex conjugate by c∗. Write C+

for the closed right half (complex) plane; σ (A) for the set of all
eigenvalues of A. We say that a (square) matrix is stable if the real
parts of all its eigenvalues are negative.

2.1. Agents and exosystem

We consider a network of N agents that are linear, time-
invariant, and finite-dimensional. The dynamics of each agent
i(= 1, . . . ,N) is given by

ẋi = Aixi + Biui + Piw0 (1)

zi = Cixi + Diui + Qiw0 (2)

where xi ∈ Rni is the state vector, ui ∈ Rmi the control input,
zi ∈ Rqi the output to be regulated, and w0 ∈ Rr the exogenous
signal generated by the exosystem

ẇ0 = S0w0. (3)

Here Ai, Bi, Ci,Di, Pi,Qi and S0 are real matrices of appropriate
sizes. The signal w0 represents reference to be tracked and/or
disturbance to be rejected: Piw0 in (1) represents disturbance
acting on agent i’s dynamics and Qiw0 in (2) represents reference
signals to be tracked.

Assumption 1. The exosystem’s w0 and S0 can be accessed only
by a proper subset of the N agents. Those agents that have access
to w0, S0 cannot distinguish w0, S0 of the exosystem respectively
from wi, Si of other (neighbor) agents.

Note that the agents are generally heterogeneous: Each of the
matrices Ai, Bi, Ci,Di, Pi and Qi may have different dimensions and
entries. Furthermore, we consider that the matrices may have
uncertainty; namely

Ai = Ai0 + ∆Ai, Bi = Bi0 + ∆Bi, Ci = Ci0 + ∆Ci,

Di = Di0 + ∆Di, Pi = Pi0 + ∆Pi, Qi = Qi0 + ∆Qi (4)

where Ai0, Bi0, Ci0,Di0, Pi0,Qi0 are the nominal parts of agent i and
∆Ai, ∆Bi, ∆Ci, ∆Di, ∆Pi, ∆Qi are the uncertain parts. These un-
certainty parts may represent measurement errors in the actual
determination of the physical parameters, or the reality that these
parameters may change with time due to wear and aging.

2.2. Communication digraphs

Given a multi-agent system with N(≥ 1) agents and an exosys-
tem, we represent the time-varying interconnection among the
agents and the exosystem by a digraph Ĝ(t) = (V̂, Ê(t)), where
V̂ = V ∪ {0}, V = {1, . . . ,N}, is the node set, and Ê(t) ⊆ V̂ × V̂
is the edge set. The node i (∈ {1, . . . ,N}) represents the ith
agent, and the node 0 the exosystem. Moreover, V̂ is the node
set including the exosystem and V is the node set except for
the exosystem. The ith node receives information from the jth
(neighbor) node at time t if and only if (j, i) ∈ Ê(t). We consider
the digraph Ĝ(t) that does not contain selfloop edges at all times,
i.e. (i, i) /∈ Ê(t) for all i ∈ V̂ and t ≥ 0. Only those nodes i ∈ V such
that (0, i) ∈ Ê(t) can receive information from the exosystem 0
(i.e. w0, S0) at time t . The union digraph for a time interval [t1, t2]
(0 ≤ t1 ≤ t2) is defined as Ĝ([t1, t2]) := (V̂, ∪t∈[t1,t2]Ê(t)).
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Definition 1. The digraph Ĝ(t) uniformly contains a spanning tree
if there is T > 0 such that for every t ≥ 0 the union digraph
Ĝ([t, t + T ]) contains a spanning tree.

We define the communication weight aij(t) by aij(t) ≥ ϵ (where ϵ

is a positive constant) if (j, i) ∈ Ê(t), and aij(t) = 0 if (j, i) /∈ Ê(t).
(We assume that aij(t) is piecewise continuous and bounded for
all t ≥ 0, a technical assumption needed for proving Theorem 1).
Note that the exosystem does not receive information from any
agents, and thus a0j(t) = 0 for all j ∈ V , t ≥ 0.

For time t ≥ 0 and digraph Ĝ(t), the graph Laplacian L(t) =

[lij(t)] ∈ R(N+1)×(N+1) is defined as

lij(t) :=

{ ∑N
j=0 aij(t), i = j

−aij(t), i ̸= j
(i, j ∈ {0, . . . ,N})

2.3. Problem statement

We represent by Ĝ(t) = (V̂, Ê(t)) the time-varying inter-
connection among the N agents and the exosystem as in the
preceding subsection. In particular, at any time only a proper
subset of agents (possibly different across time) can receive in-
formation from the exosystem. This makes the current problem
different from the traditional, centralized output regulation prob-
lem (Francis, 1977; Francis & Wonham, 1976; Huang, 2004). Even
if an agent receives information from the exosystem at some
time, the agent does not know whether the information is from
the exosystem or from another (neighbor) agent. Namely we
consider that the agents do not have the numbering information
including the exosystem (numbered 0).

Problem 1 (Distributed Output Regulation). Given a network of
agents (1), (2), (4) and an exosystem (3) with interconnection
represented by Ĝ(t) and with Assumption 1, design for each agent
i ∈ V a distributed controller such that limt→∞ zi(t) = 0, for all
xi(0) ∈ Rni , w0(0) ∈ Rr .

In the next section we solve Problem 1 by designing an internal-
model based distributed controller.

3. Structure of distributed controller

At the outset we make the following (standard) assumptions.

Assumption 2. The digraph Ĝ(t) uniformly contains a spanning
tree and its root is node 0 (the exosystem).

Assumption 3. For each agent i ∈ V , (Ai0, Bi0) is stabilizable.

Assumption 4. For each agent i ∈ V , (Ci0, Ai0) is detectable.

Assumption 5. For each agent i ∈ V and for every eigenvalue λ

of S0,

rank
[

Ai0 − λIni Bi0
Ci0 Di0

]
= ni + qi. (5)

Assumption 6. The real parts of all eigenvalues of S0 are zeros.

Remark 1. Assumptions 2 and 3–5 are necessary conditions for
consensus over time-varying networks (Ren & Beard, 2008) and
for output regulation (Francis & Wonham, 1976), respectively.
Only Assumption 6 is a sufficient condition for (centralized) out-
put regulation, but is commonly made for distributed output
regulation (e.g. Cai et al., 2017; Liu & Huang, 2015) such that the
exogenous signal does not diverge exponentially fast.

Remark 2. By Huang (2004), Assumption 5 means that the
transmission zeros of agent i’s nominal dynamics are disjoint from
all eigenvalues of S0, and also implies that the number of outputs
is no more than that of inputs, i.e. mi ≥ qi. A transmission zero
ζ ∈ C of agent i’s nominal dynamics is such that

rank
[

Ai0 − ζ Ini Bi0
Ci0 Di0

]
< ni + qi.

Because not all agents can access the exosystem (i.e. w0 cannot
be accessed by all agents), agent i cannot measure the output
zi in (2) directly. Replacing w0 in (2) by an estimated exogenous
signal wi ∈ Rr , we consider the situation where each agent i can
measure the following estimated output

ei = Cixi + Diui + Qiwi ∈ Rqi (6)

In order to solve Problem 1, we present a controller that con-
sists of two parts: (1) distributed exosystem generator and (2)
distributed dynamic compensator.

3.1. Distributed exosystem generator

For each agent i ∈ V , let Si(t) ∈ Rr×r be the local estimate of
S0 and consider

Ṡi(t) =

N∑
j=0

aij(t)
(
Sj(t) − Si(t)

)
, (7)

ẇi(t) = Si(t)wi(t) +

N∑
j=0

aij(t)
(
wj(t) − wi(t)

)
. (8)

Eqs. (7) and (8) have also been used in Liu and Huang (2017)
for the ‘‘adaptive distributed observer’’, and first proposed in Cai
et al. (2017) for time-invariant networks. This protocol is used to
approximate the exosystem’s dynamics for each agent i ∈ V using
only local information from neighbors. Thus we call (7) and (8)
the distributed exosystem generator.

Lemma 1. Consider the distributed exosystem generator (7) and
(8). If Assumption 2 holds, then

lim
t→∞

(Si(t) − S0) = 0, lim
t→∞

(wi(t) − w0) = 0

for all Si(0) ∈ Rr×r , wi(0) ∈ Rr and all i ∈ V .

A proof of Lemma 1 can be found in Kawamura, Cai, and
Kishida (2018) or Liu and Huang (2017).

3.2. Distributed dynamic compensator

We consider the following dynamic compensator

ξ̇i = Ei(t)ξi + Fi(t)ei
ui = Ki(t)ξi (9)

where ξi is the state of the dynamic compensator and ei is defined
in (6). In order to specify the matrices Ei(t), Fi(t), Ki(t) in (9), we
extend the centralized internal model control design in Huang
(2004, Section 1.3) to the distributed multi-agent setting. The
key strategy is for each agent to locally estimate the (distinct)
eigenvalues of the exosystem’s matrix S0.

Let λ0,1, . . . , λ0,k, k ≤ r be the roots of the minimal polyno-
mial of S0. Note that {λ0,1, . . . , λ0,k} ⊆ σ (S0). Then we define
λ0 := [λ0,1 · · · λ0,k]

⊤. Let c0,d(λ0), d = 1, . . . , k be the coefficients
of the polynomial satisfying

sk + c0,1(λ0)sk−1
+ · · · + c0,k−1(λ0)s + c0,k(λ0)

= (s − λ0,1) · · · (s − λ0,k). (10)
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For each agent i ∈ V , let λi(t) := [λi,1(t) · · · λi,k(t)]⊤ be a
local estimate of λ0, and ci,d(λi), d = 1, . . . , k, the estimated
coefficients generated by λi(t) that satisfy

sk + ci,1(λi)sk−1
+ · · · + ci,k−1(λi)s + ci,k(λi)

= (s − λi,1(t)) · · · (s − λi,k(t)). (11)

To make the local estimate λi converge to λ0, a straightforward
idea is to employ the following consensus algorithm:

λ̇i(t) =

N∑
j=0

aij(t)
(
λj(t) − λi(t)

)
, λi(0) ∈ jRk. (12)

It follows from Assumption 2 that λi(t) → λ0 as t → ∞. As
a result, the coefficient ci,d(λi) → c0,d(λ0) as t → ∞ for each
d = 1, . . . , k. Note that by Assumption 6 the entries of λ0 are
purely imaginary, and hence we only need to consider the initial
condition λi(0) ∈ jRk (thus λi(t) ∈ jRk for all t ≥ 0).

Since we consider that the agents’ dynamics have uncertainty,
the regulator equation approach (e.g. Cai et al., 2017) does not
work. Thus for the robust output regulation problem, we consider
the qi-copy internal model as in Huang (2004, Section 1.3). Let
Gi(λi) := Iqi ⊗G′

i(λi), Hi := Iqi ⊗H ′

i be the qi-copy internal model
(⊗ denotes Kronecker product), where

G′

i(λi) :=

⎡⎢⎢⎢⎢⎣
0 1 · · · 0
0 0 · · · 0
...

...
. . .

...

0 0 · · · 1
−ci,k(λi) −ci,k−1(λi) · · · −ci,1(λi)

⎤⎥⎥⎥⎥⎦ ,

H ′

i :=

⎡⎢⎢⎢⎢⎣
0
0
...

0
1

⎤⎥⎥⎥⎥⎦ .

(13)

We state the following lemma using the above matrices.

Lemma 2. Assume Assumption 3 holds. Let t ≥ 0 and λi(t) =

[λi,1(t) · · · λi,k(t)]⊤. If for every d ∈ {1, . . . , k},

rank
[

Ai0 − λi,d(t)Ini Bi0
Ci0 Di0

]
= ni + qi (14)

then the following pair of matrices is stabilizable:([
Ai0 0
HiCi0 Gi(λi(t))

]
,

[
Bi0

HiDi0

])
.

Lemma 2 asserts that for each fixed timed t , the above pair of ma-
trices is stabilizable if (14) holds. For a proof refer to Kawamura
et al. (2018). This sufficient condition (14) means that every λi,d
(d ∈ {1, . . . , k}) does not coincide with any transmission zeros of
agent i’s nomial dynamics. Updated by (12), λi,d is time-varying
and λi,d(t) ∈ jR for all t ≥ 0. If agent i’s nominal dynamics has
no purely imaginary transmission zero, then (14) holds for all
time t . In case agent i’s nominal dynamics has purely imaginary
transmission zeros, however, it is possible that (14) is violated.
This is because in (12) the (vector) λi(t) = [λi,1(t) · · · λi,k(t)]⊤ is
updated continuously, and entries λi,d(t) ∈ jR (d ∈ {1, . . . , k})
may coincide with those purely imaginary transmission zeros at
some time t . Thus for this case, the simple consensus algorithm
(12) does not work.

To address this issue, we design a new strategy to update the
(vector) λi(t) = [λi,1(t) · · · λi,k(t)]⊤ such that for all d ∈ {1, . . . , k}
(i) λi,d(t) converges to λ0,d, and (ii) λi,d(t) avoids the transmission

Fig. 1. The trajectory of estimated eigenvalues λi,d; the circles represent the
transmission zeros of agent i, the crosses represent the eigenvalues of S0 , and
the arrows represent the trajectories of λi,d(t).

zeros of agent i’s nomial dynamics for all t ≥ 0. Thereby, it is
ensured that the condition (14) holds for all time t .

Fig. 1 shows examples of the trajectory of λi,d (d ∈ {1, . . . , k}).
The circles and the crosses represent respectively the transmis-
sion zeros of the agent i’s nomial dynamics and the eigenvalue
λ0,d of S0. The initial value λi,d(0) is in jR and λi,d(t) moves toward
λ0,d. We divide the arrangement of transmission zeros into three
cases:

(i) If there is no purely imaginary transmission zero of agent
i’s nomial dynamics (see Fig. 1(i)), then λi,d(t) may simply
move along the imaginary axis toward λ0,d.

(ii) If there is a purely imaginary transmission zero of agent
i’s nomial dynamics, and λi,d(t) moves close to it (see
Fig. 1(ii)), then λi,d(t) should move in a semicircle dented
to the right around the transmission zero. By moving to the
right, λi,d(t) is always in C+.

(iii) If there is a purely imaginary transmission zero of agent
i’s nomial dynamics, and there are also other transmission
zeros on the open right-half-plane (see Fig. 1(iii)), the ra-
dius of semicircle should be smaller than (e.g. half of) the
distance between these transmission zeros.

To formalize the above idea, we define several quantities. Let

Πi :=

{
s ∈ C+

⏐⏐⏐⏐rank[
Ai0 − sIni Bi0

Ci0 Di0

]
< ni + qi

}
(15)

be the set of closed right-half-plane transmission zeros of agent
i’s nominal dynamics (i ∈ V) and

Π̃i := {s ∈ Πi | Re(s) = 0} (16)

the subset of purely imaginary transmission zeros. We do not
need to avoid open left-half-plane transmission zeros because
λi,d(t) ∈ C+ for all t . Note that Assumption 5 and Πi ∩ σ (S0) = ∅

are equivalent, and there is no purely imaginary transmission
zeros of agent i’s nominal dynamics if and only if Π̃i = ∅.

Further we define the following distance function. For two sets
C1, C2 ⊆ C of finite number of complex numbers, define the
distance between C1 and C2 by

dist(C1, C2) := min {|c1 − c2| | c1 ∈ C1, c2 ∈ C2} .

Then define the radius ρi ≥ 0 of the semicircle shown in Fig. 1 as

ρi :=

⎧⎪⎨⎪⎩
0, Π̃i = ∅
1
2dist(σ (S0), Π̃i), Πi \ Π̃i = ∅

1
2 min{dist(σ (S0), Π̃i), dist(Πi \ Π̃i, Π̃i)}, otherwise.

(17)

This ρi has three cases:

(i) If there is no purely imaginary transmission zeros of agent
i’s nominal dynamics, i.e. Π̃i = ∅, then the radius is zero.
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(ii) If there are only purely imaginary transmission zeros of
agent i’s nominal dynamics, i.e. Πi\Π̃i = ∅, then the radius
is half of the distance between σ (S0) and Π̃i.

(iii) If there are transmission zeros of agent i’s nominal dynam-
ics on both purely imaginary axis and right-half-plane, then
the radius is half of the smaller of the distance between
σ (S0) and Π̃i and that between Πi \ Π̃i and Π̃i.

In the definition of ρi, we consider the coefficient 1/2 for sim-
plicity, but we can choose any coefficient from the open interval
(0, 1). By using this ρi, we ensure the radius of the semicircle for
the three cases as illustrated in Fig. 1.

Then we consider the following updates for all i ∈ V̂ and t ≥ 0:

λi(t) = αi(t) + jβi(t) ∈ Ck (18)

β̇i(t) =

N∑
j=0

aij(t)
(
βj(t) − βi(t)

)
, βi(0) ∈ Rk (19)

αi,d(t) =

{
0, γi,d(t) ≥ ρi or i = 0√

ρ2
i − γ 2

i,d(t), γi,d(t) < ρi and i ̸= 0 (20)

where d = 1, . . . , k, αi(t) = [αi,1(t) · · · αi,k(t)]⊤, βi(t) =

[βi,1(t) · · · βi,k(t)]⊤, and

γi,d(t) :=

{
0, Π̃i = ∅

dist
(
{jβi,d(t)}, Π̃i

)
, otherwise.

Note that γi,d means the distance between jβi,d and its closest
(purely imaginary) transmission zero, and αi,d(t) ≥ 0 for all t ≥ 0.
Moreover from Assumption 2, β̇0(t) = 0, α0(t) = 0 for all t ≥ 0.
Finally, we update λi by (18), (19), (20) (instead of (12)). It follows
immediately from these definitions the following result.

Lemma 3. Consider (18), (19), (20). If Assumption 2 holds, then for
every i ∈ V and d = 1, . . . , k, λi,d(t) converges to λ0,d, λi,d(t) ∈ C+

for all t ≥ 0 and avoids all transmission zeros of agent i’s nominal
dynamics.

From Lemma 3 the condition (14) holds, and thus the pair of
matrices in Lemma 2 is stabilizable for every time t ≥ 0. Hence
for each t ≥ 0, we may synthesize [Ki1(λi) Ki2(λi)] such that the
matrix[

Ai0 0
HiCi0 Gi(λi)

]
+

[
Bi0

HiDi0

]
[Ki1(λi) Ki2(λi)] (21)

is stable. In addition, we choose Li such that the matrix Ai0 − LiCi0
is stable under Assumption 4.

Now we are ready to present the matrices Ei(t), Fi(t) and Ki(t)
in the dynamic compensator (9):

Ei(λi) :=

[
Ai0 − LiCi0 0

0 Gi(λi)

]
+

[
Bi0 − LiDi0

0

]
Ki(λi),

Fi :=

[
Li
Hi

]
, and Ki(λi) := [Ki1(λi) Ki2(λi)]. (22)

Note that in (22), Ei and Ki are time-varying as λi is time-varying,
while Fi is time-invariant; and by (18), (19), (20) it follows from
Lemma 3 that Gi(λi) → Gi(λ0), Ki(λi) → Ki(λ0), Ei(λi) →

Ei(λ0). Using the distributed dynamic compensator (9), moreover,
both the estimated output ei and the output zi can be regulated
converge to 0.

Our main result is the following.

Theorem 1. Consider the multi-agent system (1), (2), (4) and the
exosystem (3), and suppose that Assumptions 1–6 hold. Then for each
agent i ∈ V , the distributed exosystem generator (7), (8) and the
distributed dynamic compensator (9) with (22), (18), (19), (20) solve
Problem 1.

Fig. 2. Time-varying directed network.

A proof of Theorem 1 is in Kawamura et al. (2018). Several re-
marks on the result are in order.

Remark 3. Theorem 1 asserts that the proposed two-part dis-
tributed controller – the distributed exosystem generator (7), (8)
and the distributed dynamic compensator (9) – provides the first
solution to the multi-agent output regulation problem where
not all agents have direct access to the exosystem’s internal
model and the agent dynamics are uncertain and non-minimum-
phase. The key of our solution is the time-varying qi-copy inter-
nal model, updated locally based only on information received
from neighbors, which eventually converges to the exact internal
model of the exosystem.

Remark 4. When there is only one agent (i.e. N = 1), the problem
is specialized to the centralized output regulation, and Theorem 1
is thus an extension of the conventional results in Francis (1977),
Francis and Wonham (1976) and Huang (2004).

Remark 5. In (19), we do not need to use all entries of βi =

[βi,1, . . . , βi,k]
⊤, because the eigenvalues of the real matrices Si

must be in conjugate pairs. Indeed, for all i ∈ V̂ we may write βi
in the following form

βi(t) =

⎧⎨⎩
[
β̂i(t)⊤ − β̂i(t)⊤

]⊤

, k is an even number[
β̂i(t)⊤ − β̂i(t)⊤ 0

]⊤

, k is an odd number
(23)

where β̂i ∈ jR⌊k/2⌋. From this form, each agent can make their
entire βi after exchanging and updating only β̂i.

4. Simulation example

In this section, we illustrate the designed distributed controller
by applying it to solve a distributed output regulation problem.
Consider the time-varying network as displayed in Fig. 2. The
network periodically switches between Ĝ1 and Ĝ2 every 5 s, and
for simplicity we set the communication weight aij(t) = 1. Thus
this network uniformly contains a spanning tree and its root is
node 0, i.e. Assumption 2 holds.

The exosystem (node 0) is

ẇ0(t) = S0w0, S0 =

[
0 1
0 0

]
.

Thus S0 has two 0 eigenvalues, so Assumption 6 holds and β0 in
(19) is β0 = [0 0]⊤. The agent i(= 1, 2, 3) is

ẋi = (Ai0 + ∆Ai)xi + (Bi0 + ∆Bi)ui + (Pi0 + ∆Pi)w0

zi = (Ci0 + ∆Ci)xi + (Di0 + ∆Di)ui + (Qi0 + ∆Qi)w0

where

Ai0 =

[
0 1
−i 0

]
, Bi0 =

[
0

(1/100)i2 − (9/10)i + 1/4

]
,

Pi0 =

[
1 0
0 1

]
, Ci0 = [1 0] ,Di0 = 1,Qi0 = [−1 0] ,
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Fig. 3. Trajectories of wi,1 (i = 0, 1, 2, 3) and zi (i = 1, 2, 3).

∆Ai =

[
0 0.1
0 0

]
, ∆Bi =

[
0
0.1

]
, ∆Pi =

[
0 0.1
0 0

]
,

∆Ci = [−0.05 0] , ∆Di = −0.05, ∆Qi = [0.1 0] .

It is checked that (Ai0, Bi0) and (Ci0, Ai0) are controllable and ob-
servable, respectively, and therefore stabilizable and detectable,
respectively; thus Assumptions 3, 4 hold. The transmission zeros
of the agents’ nominal dynamics are

Πi = Π̃i = {±(0.5 + 0.1i)j} (24)

Thus all the transmission zeros are on the imaginary axis but
nonzero, and as a result Assumption 5 holds.

We apply the distributed exosystem generator (7) and (8) with
the initial conditions wi(0) (i = 0, 1, 2, 3), selected uniformly at
random from [−1, 1], and set

Si(0) =

[
0 0.5

−0.5 0

]
.

We also apply the distributed dynamic compensator (9), (22),
(18), (19), (20) with the elements of xi(0) and ξi(0) selected
uniformly at random from [−1, 1], and set βi(0) = [i+1 i+1]⊤ for
all i = 1, 2, 3. From (24), ρi = (0.5+0.1i)/2 and γi,d(t) in (20) are
γi,1(t) = |0.5 + 0.1i − βi,1(t)|, γi,2(t) = |−(0.5 + 0.1i) − βi,2(t)|.

The simulation result is displayed in Fig. 3. In Fig. 3(a), the
dotted line represents the first element of exosystem’s signal w0,1
and others represent the estimated exogenous signals wi,1, i =

1, 2, 3. Observe that all wi,1 synchronize with w0,1. Thus the
distributed exosystem generators effectively create a local copy
of the exosystem, despite that not all agents have direct access to
the exosystem and the network is time-varying.

Fig. 3(b) shows the regulated output zi of each agent (in this
simulation, zi = xi,1 − w0,1). Observe that all zi converge to 0.
This demonstrates the effectiveness of the distributed dynamic
compensators for achieving perfect regulation, despite parameter
perturbation and imprecise internal model of the exosystem.

We finally examine the parameters in the distributed dynamic
compensator. Consider β̂i as in (23), and define α̂i to be the
corresponding real part of local estimate λi based on (20). In this
example, α̂i, β̂i ∈ R, αi = [α̂i α̂i]

⊤
∈ R2 and βi = [β̂i − β̂i]

⊤
∈ R2.

Fig. 4(a) and (b) show the trajectories of β̂i and α̂i, respectively.
Each β̂i converges to β̂0, and each α̂i becomes positive exactly
when the distance between β̂i and the closest transmission zeros
to β̂i (namely γi,d(t)) is less than ρi.

5. Conclusions

We have studied a multi-agent output regulation problem,
where the linear agents are heterogeneous, non-minimum-phase,
subject to parameter uncertainty, and the network is time-
varying. We have solved the problem by proposing a distributed

Fig. 4. Trajectories of real part α̂i and imaginary part β̂i of local estimate λi ,
i = 1, 2, 3 (β̂0(t) = 0, α̂0(t) = 0).

controller consisting of two parts – an exosystem generator that
‘‘learns’’ the dynamics of the exosystem and a dynamic compen-
sator that ‘‘learns’’ the internal model. Our solution suggests a
distributed internal model principle: converging internal models
imply network output regulation.
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